INTRODUCTION
In this paper we examine the class numbers of certain quadratic fields. In Section 1 we consider the real quadratic field case and provide sufficient conditions for non-trivial class numbers. This extends work of Ankeny, Chowla, and Hasse [l]; Lang [S]; Takeuchi [12] ; Yamaguchi [13] , and the author [9, lo] .
In Section 2 we obtain necessary and sufficient conditions for an algebraic integer (which is not a unit) to be the norm of an algebraic integer in a given extension of number fields. This result is linked to the divisibility of the class number of certain imaginary quadratic fields by given integers. Among others, this extends the work of Cowles [3] as well as Gross and Rohrlich [6] . Finally we provide, throughout the paper, tables of values as examples of the above results.
I. REAL QUADRATIC FIELDS
Throughout this section we set K= Q(n','), where n is a square-free positive integer, and we denote the fundamental unit of K by T+ U(U)' ', and the class number of K by h(n).
Ankeny, Chowla, and Hasse [l] proved that if p = (2qm)' + 1 is prime with q prime and m an integer greater than 1 then h(p) > 1. Subsequently, Lang [ 81 obtained that h(p) > 1 for a prime p = (( 2m + 1) q)' + 4, where q is an odd prime and m is a positive integer. Notice that the above p are congruent to 1 modulo 4. More recently Takeuchi L-123 obtained that if 12m+7 and p=(3(8m+5))2-2 are primes where mb0, then h(p)>l. Note here that p = 3 (mod 4). The proofs by both Lang and Takeuchi are very strongly modelled after that of Ankeny, Chowla, and Hasse. By contrast, in what follows we generalize all of the above and provide elementary proofs based only on fundamental facts concerning diophantine equations and basic properties of quadratic fields.
First we require a preliminary result which generalizes [l, Lemma, p. 2181 and [S, Lemma, p. 701. LEMMA 1.1. Let n = m2 + r be square free, where m and r are positive integers such that r I4m, and r E (0, m]. Also suppose t is a positive integer which is not a square. If the equation a2 -nb2 = it has integer solutions then (i) r= 1 and t>2m, or (ii) r = 4, t E 0 (mod 4) and (t/4) b m, or (iii) r#l, 4 and t>r.
Proof: The r = 1 case is [l, lemma, p. 2181 and the r =4 case is [S, lemma, p. 703. Thus we assume henceforth that r # 1, 4. Therefore by [4] we have T+ U(n) 'I2 = (2m* + r + 2m(n)'12)/r. Thus, if ) t = u2 -nv2, where ~30 and v>O is chosen smallest, then N(u-v(n)'/*) = Ifrt and N( (2m2 + r)/r + (2m/r) n 'I*) = 1. Therefore, N(((u(2m2 + r)/r) -(2mvnlr)) -I ((2mu -v(2m2 + r))/r) n1'2) = +t.
By the choice of v, 1(2mu -v(2m2 + r))/rl > v, i.e., either u > v(m2 + r)/m or O< u < urn. Substituting into the equation we have either + t b (v*(m'+ r)2/m2) -v*n, which forces t 2 r, or f t < v*m* -nv2 = -rv2, which forces t Z r.
Q.E.D.
Now we are in a position to prove the main result of this section. THEOREM 1.1. Let n be a positive square free integer of the form n = m2 + r, where m and r are integers such that r divides 4m. Thus h(n) > 1. Proof: Assume h(n) = 1.
(a) nr 1 (mod4). If m is not divisible by an odd prime then by hypothesis n = 1 (mod 8) and so p = 2 splits in Q(n'/*). If m is divisible by an odd prime p, then p splits in Q(n'j2), since (n/p) = (r/p) = 1. Thus, in either case there are integers a and b with f4p=a'-nb*, since h(n)= 1. However hypothesis (a)(i)-(iii) contradict Lemma 1.1 (i)-(iii), respectively.
(b) n f 1 (mod 4). If r = -1 then tz cannot take on any of the forms q, 2p, or q, q2, where p E 3 (mod 4) is prime, q is prime, and q, = q2 E 3 (mod 4) are primes. In this case it is well known that h(n) > 1 (in fact, 21 h(n)). If r = -2 then 3 divides m by hypothesis. Since (n/3) = (-2/3) = 1, then 3 splits in Q(n"'). Therefore -t 3 = a2 -nb2 for some integers a and b since h(n) = 1. If a* -nb2 = 3 then by the reciprocity law for the Jacobi Symbol (/)
we have -1=(__l)((n-1)/2)f(3-1)/2)= (n/3)(3/~) = (--2/3)(3/n) = (3/n) = (at/n) = I, a contradiction. Thus a2 -nb2 = -3. By [4] ,
and by [ll, Theorem 108a, p. 2061, 0 < b < U(3/2( T-1 ))'j2 7 (3(n + 2)/2n)"2. Hence b= 1; i.e., YI -3 = a2 which implies that &-a* = 5 thereby forcing m= t-3, a contradiction. Now we assume r = 1 or r > 2. Since 2 ramifies in Q(Kz"~) then there are integers a and b with +_2 = a2 -nb" since h(n) = 1. Thus by Lemma 1.1 we have a contradiction.
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The following consequence of Theorem 1.1 is interesting in its own right. COROLLARY 1.5. Zf n = t2 + 21 is square free where I > 1 is an odd integer dividing t and t is even, then h(n)> 1. Table I provides examples of Theorem 1.1(a), i.e., examples of the n = 1 (mod 4) case for some n between 1 and 10,000. Note that n = 65 is the first occurrence of h(n) > 1 for n = 1 (mod 4); and the first n = 1 (mod 4) missed by this method is n = 165 (where h(n) = 2). Table II provides examples of Theorem 1.1(b), i.e., examples of the n = 2,3 (mod 4) case for some n between 1 and 10,000. Note that n = 10 is the first occurrence of h(n) > 1 for n = 2 (mod 4), and n = 15 is the first instance of h(n) > 1 for n = 3 (mod 4). ' 
NORMS OF INTEGERS AND CLASS NUMBERS OF QUADRATIC FIELDS
Let L 2 K be an extension of number lields. The first result of this section is a determination of precisely when a (non-unit) algebraic integer of 0, is the norm of an algebraic integer from OL, where 0, denotes the ring of integers of a given field F. In [S], Garbanati purports that Borevich and Shafarevich [2] have such a result. However, what Borevich and Shafarevich in fact perform is the task of giving a finite algorithm for finding all algebraic integers with a specified norm, given that such integers exist. What we provide herein are necessary and sufficient conditions for the existence of an algebraic integer whose norm is a given algebraic integer. Although it is possible, and usually straightforward through the use of the norm residue symbol, to determine when an element a of 0, is a norm from L, it is often quite difficult to determine when CI is the norm of some BE OL. For example, a well-known long-standing problem in this regard is the following. When K= Q and L = Q(n112), where n is a squarefree positive integer, it is trivial to determine when -1 is a norm from L, but it is an open question as to when it is the norm of a unit. We do not propose to attempt an answer to this question but rather to answer the question for integers which are not units, under an appropriate assumption for units. The following is a simple example to illustrate this difficulty. Let K= Q and L = Q((79)'/*), wherein 5 is the norm of (19 + 2(79)'j2)/3, but 5 is not the norm of an element of 0,=Z[79"2].
The following is an 'Note that the class numbers in all tables for Section 1 are taken from "A illustration of this problem in the non-Galois case. Let K = Q and L = Q(11 li3), then 2 is a norm from L but it is not a norm from 0, = Z[ 11 '13] . Cirteria for an algebraic integer in 0, to be the norm of an element of 0, are intimately linked to the class number of L and the arithmetic of L over K, as the following simple solution to the problem indicates. In what follows U, (resp. U,) will denote the group of units of 0, (resp. 0,). Moreover N will denote the norm from L to K. Also h, (resp. hL) will denote the class number of K (resp. L). Furthermore, given that jj is an 0, prime above an OK prime p, then we denote the inertial degree of fi in L over K by f(@ ] p). Finally, the symbol (a) will denote the principal ideal generated by ~1. Conversely, let (a) = +t * * * t;? be the factorization of (a) in 0, for distinct UL primes ii. Therefore f/S) = NC(a)] = l-I;= 1 N(+k)b" = n;t-=, &", where g, =f(sk / ak). However, the ak may not be distinct so we let Sj (for a fixed j) be the set of k E (l,..., sJ such that ak = aj (i.e., such that 4k n ok= %jh
Thus we have that N[(a)] = (/I) = nj .yj", where cj = ckES, bk gk. Hence by unique factorization of ideals in Ok we have (after possibly renumbering the pj) that hj = qj and a,j = cj for j= l,..., r. This secures the result.
We note that we have avoided the problem of dealing with units in Lemma 2.1 by making the convenient assumption that all fundamental units of 0, are norms from UL. Even the simplest questions, in this context, involving units are extremely difficult to answer, as the open question discussed before Lemma 2.1 indicates. We further highlight the difficulties by the following example which shows that Lemma 2.1 fails if the unit hypothesis is dropped. If K= Q and L = Q(79"'), then N(8 + 79"') = -15 and 8 + 79""E 0, = Z[79'j2]. However (b) of Lemma 2.1 fails to hold since -1 is not the norm of a unit from L. Furthermore 15 is not a norm in L over K which may be verified using the norm residue symbol. In fact there is no way to piece together information to extract the unit because -5 is not a norm in L/K, and -3 is not the norm of an integer in L/K. The latter fact may be obtained from the proof of Theorem 1.1 and the former fact by use of the norm residue symbol. Since we are mainly concerned herein with the quadratic field situation we isolate a special case. Note that in the discussion preceeding Lemma 2.1, where n = 79 and p = 5, the 0, primes above 5 are not principal which is the reason for 5 not being a norm (see also [9, Theorem 2-41).
To illustrate that the conditions of Lemma 2.1 are the "best possible" in the sense of being minimal we turn to the non-Galois case where K= Q and L=Q(go) with (p3= 11. Now (cp-l)= pq, where p is an 0, prime above 2 with inertial degree 1 and q is an 0, prime above 5 with inertial degree 1 (see Janusz [7, pp. 62-631) . Note here that neither p nor q is principal. In fact the class group of 0, = Z[p] is generated by the classes of p and q, yet N(~D -1) = 10. Notice furthermore that the other primes above 2 and 5 cannot be chosen since they each have inertial degree 2. This completes the example. Lemma 2.1 has relevance to certain class number questions pertaining to quadratic fields (see also [lo, Theorem 2.6-j). Note for example that in Section 1 the proofs of the main results amount to achieving a counterexample to some rational integer being a norm. This secured for us that h(n) > 1. In fact what we effectively were applying was the following result. The notation and hypothesis of Lemma 2.1 are in force. Now we further explore the relationship between Lemma 2.1 and certain class number questions for quadratic fields. In fact we now turn our attention to an investigation of sufficient conditions for the divisibility of class numbers of imaginary quadratic fields by a given integer. As in Section 1 we denote #n"2) by K and we set h(n) = h,. Let x + y(n)"" E 0, be called primitive if g. and ((r-n"')/2).
If it did then r=(r+n"2)/2+(r-n"2)/2 and n= [(r+n"')/2-(r-n"2)/2]2 a re in pi. However g.c.d. (r, n) = 1 since PI is square-free and f > 1. This forces 1 to be in #z; and secures the claim. Thus, for an appropriate choice of tii = fii or ai we must have that ((r + n"')/2) = (4;' * '. a?)' = &'$', say, i.e., d' in principal. Since g.c.d. (t, h(n)) = g then there are integers u and v such that TV + h(n) v = g. Hence &"=Jg rui"h(n)u = (&l)" (&h(fdV ) is principal. Since n < 0 then dfi yields a primitive element of which mg must be a norm. This contradiction establishes the result.
Q.E.D. COROLLARY 2.3. (Cowles [3] ).
Let n= r2 -4q', where n is negative, square-free, and I and q are odd primes. If one of rhe prime ideals over q is not principal in OK then i divides h(n).
The following consequence of Theorem 2.1 is more useful in practice than Theorem 2.1 itself. COROLLARY 2.4. Let n be a square-free integer of the form n = r2 -4m' with r, m, and f positive integers such that m > 1 and t > 1. If r2<4m'-'(m-1) then tlh(n).
Proof. Suppose that mC is the norm of a primitive integer for some c properly dividing f; i.e., 4m' = a2 -nb2 for some a, b f Z with g.c.d. sincet>cf1andr2<4m'-'(m-l).Thiscontradiction establishes the rlsult.
Corollary 2.4 is a generalization of the following, and our above proof is elementary compared to that in [6] . COROLLARY 2.5. (Gross and Rohrlick [6] ).
Let n = 1 -4m' hr u square-free negative integer, where m > 1 and t is a prime, then t 1 h(n). Now, as an application of Corollary 2.4 we present the following examples (Table 3 ). The symbol (P) beside -n indicates that --n is prime. It is worth noting that the condition of Corollary 2.4 is "sharp." For example, if r= 11, m=6, and t =2 then n=23 and h(n)= 3. Notice that r2= 121 > 4m'-'(m -1) = 120.
The following is a result which, although similar to the above results, produces different output. THEOREM 2.2. Let n be a square-free negative integer of the form n = r2 -a', where r > 0, t > 1, and a > 1 are integers. If a is odd and ab is not the norm of a primitive element of Ok for any proper divisor b of t, then t divides h(n).
Proof. The proofs of Theorems 2.1 and 2.2 differ only by the following fact. To show that a given 0, ideal hi (above a prime divisor of a) cannot divide both r -n iI2 and r + n112 we proceed as follows. If pi divides both of them then g.c.d. (2r, 4n) = 2 E fi,. This forces 2 to divide a, a contradiction.
The following result is stated as an analog of Corollary 2.4. COROLLARY 2.6. Let n be a square-free integer of the form n = r' -a', where r > 0, a > 1, and t > 1 are integers. Suppose that the following conditions hold:
(1) If a=3 then t#3, and tf4.
(2) a is odd. Then t divides h(n).
Proof: Suppose that for some b properly dividing t we have that ah is the norm of a primitive integer. Then without loss of generality we may assume that 4ab = c2 -n& for some c, d E Z with g.c.d. (c, d) < 2. Now we proceed exactly as in the proof of Corollary 2.4 to obtain that W2a'-b-l + r2/a'-' > a. However by condition (3) we have r2/a'-' < a -1. Therefore to achieve a contradiction it remains to show that 4 < d2a'-bp i. Suppose, on the contrary, that we have 4 > d'a'-'-I. Hence d= 1, t-b-1 = 1, and a=2 or 3 is forced. However t-b-1 = 1 forces 
